This paper delineates a class of Schur algebras over a finite group G, parametrized by two subgroups K <j H c G. The constructed Schur algebra C[G]" is maximal for the two properties (a) centralizing the elements of H, and (b) containing the elements of AT in the identity. Most commonly considered examples of Schur algebras fall into this class.
1. Introduction. The purpose of this paper is to delineate a particular class of Schur algebras inside C [G] , where G is a finite group and C is the complex field. The algebras are parametrized by two subgroups of G, one normal inside the other. For various choices of the subgroups, the Schur algebras in question become ones that have been studied by various authors. It is hoped that this work will unify diverse results and point toward further clarification. In this section we quote the relevant definitions, results, and notation to be used.
We take as the definition of Schur ring that given by Tamaschke [5] :
T c Z[G] is called a Schur ring over G if:
(1) T is a ring (not necessarily with unit), and (2) T has a Z-basis {t,.ts) where each t, is a simple sum of elements of the finite group G, so that t, = 2geT g where the subsets Ti c G satisfy the following:
(a) 7] n Tj =0ifi^j, (b) U, T¡ = G, and (c) For each i, (T¡)~x = T¿ for some j. We call the subsets T¡ the T-classes, and number them so that 1 E 7,.
C[G] whose coefficients are constant along each of the subsets T¡. These algebras were studied by Wielandt [7] , [8] , although he calls them 5-rings. In [7] he proves that t,/ Tx is the unit element of C7 and in an oft-cited footnote (p. 386) that C7 is a semisimple algebra.
Examples of Schur algebras include the following:
(1) The group algebra C[G] itself.
(2) The center C[G]G of the group algebra, for which the partition of G is into conjugacy classes.
(3) The centralizer in C[G] of a subgroup H, denoted CfG]^. Here the 7-classes are the 77-conjugacy classes of G. This algebra has been studied by Travis [6] and Karlof [2] .
(4) The double coset algebra C[77 \ G/77] for which G is partitioned into its 77-77 double cosets. This algebra was considered by Tamaschke [4] , and Karlof [3] has shown that every 77-class Schur algebra is isomorphic to a particular double coset Schur algebra. The class of Schur algebras defined in §2 includes these examples as special cases. We employ the following notations and results.
G will be any finite group, and 77 any subgroup. Let G and H be the sets of complex irreducible characters of G and H respectively. For x E G and \p G H, let c^ be the multiplicity with which \p is contained in the restriction of x to 77, and let/x and/^, be the degrees of x and \p.
Given x £ G and >// E 77, Travis has defined the associated spherical function on G by <Px*U) = 7777 2 x(gh)Hh-1) \n\ heft and has shown that these spherical functions have the following properties:
(1) rp^ is constant along 77-conjugacy classes of G, and is a nonzero function if and only if c^ =£ 0. It will be convenient to have the following lemma set down, although it is certainly well known in the folklore. I would like to thank Pat Gallagher for his suggestion to state certain of the claims in the language of ideals. Lemma 1.2. Let I ^ 0 be a two sided ideal of a semisimple algebra A. Then each irreducible character of A on restriction to I either vanishes or gives an irreducible character of I. Moreover, no two irreducible characters of A restrict to the same irreducible character of I, and all irreducible characters of I arise by restricting some character of A.
Proof. This lemma is similar to Theorem 1.1 of [1] and can be proved using similar arguments. We prefer, however, to consider regular representations.
Let Proof. That we have a group action is immediately verified from the group law in K X 77. Since \pG = 2xe¿ c^x, the two formulae are clearly equal. It remains to show that they count the orbits. Begin by noting that by Frobenius reciprocity, the first of the two equals 2 {*g\hA)h= 2 r^r 2 fW(r') = E -^ 2 Ïighg-Wh-1) tP<EH/~K \H\ h(EH where «// is defined to equal xp on 77 and vanish off 77. Using the multiplication formula for characters, we rewrite the last sum as
Reversing the order of summation, we have -^ 2 2. *+(*te-1*A-,*-,)-T¿p Sí*:*)
where the last sum is taken over all triples (X, h, g) in 77 X 77 X G such that ghg~lXh~xX~x E K. Introducing a new summation variable k E K, we rewrite the sum as (|77|2|7C|)_121 in which we now sum over all quadruples (k, X, h, g) in K x 77 x 77 X G such that ghg~xXh~xX~x = ac. Since this is equivalent to (gX~x)(XhX~x)(gX~x)~x(XhX~x) = k, we make the changes of variables g for gX~x and h for XhX~x, and sum over quadruples satisfying ghg ~lh~x = /c. Hence our sum is simply 2l = 777T^ 21
\H\2\K\ ~ |Ä||tf|
where the sum on the L77S is over all quadruples (k, A, h, g) such that g = A:/ig/! " ' and the sum on the RHS is over pairs (k, h) E K X 77, g E G, (/c, /i)g = g, which gives the number of orbits by the Burnside orbit formula.
■ If two elements g and g' of G are in the same orbit under K X 77 we will write g ~ g' and we will use (g) to denote the orbit containing g. Choose a complete set of orbit representatives { g, = I, g2, . . . , gs) so that as a set G is the disjoint union Ui=i(g,).
The following observations follow immediately from the action of K X 77 on G: (g,) = (1) = 7<; k(gi) = (g,) for any k E K; and Mg,)*-1 = (&) for any h E 77. Hence each orbit ( g,) is a union of right cosets of K in G, and at the same time, a union of 77-conjugacy classes in G. Moreover, given any partition G = \J'J=X Sj (disjoint) with the property that each Sj is invariant under left multiplication by each element of K, and also under conjugation by each element of 77, it is clear that each Sj is a union of some of the orbits (g¡).
For each /' = 1, .. ., s define t, = 2ge(g) g. Translating the above remarks to the group algebra yields the following: Proof. Clearly 7 is a Z-module. To show 7 is a ring we show t,t, E 7 for all i and j. Note that for any k E K and any h E 77, k(T¡Tj) = (/cT,)Ty = t,t, and hT¡jjh~x = hT¡h~xhTjh~x = t,t-and so by Lemma 2.2, t,t, is a linear combination of the t's. Since the coefficients must obviously be integers, T¡Tj E T. For the first claim, it only remains to show that for each /', (g,)_I = (gj) for some/ Since it is easily shown that g -g' if and only if g~x -g'~', the claim is proved.
That C 7 satisfies (a) follows immediately from Lemma 2.2, and (b) is clear since the identity element of C7 is tx/K. Lastly, suppose CS is a Schur algebra over G satisfying (a) and (b), with simple basis elements ox, . . . , a,. Wielandt shows [7] that the elements appearing in a, form a subgroup, and that the identity element of CS is just ax divided by a scalar. This together with assumption (b) guarantees that if x E CS, kx = x for each k E K. By assumption (a), we have hxh~x = x for each h G 77. Hence by the lemma, x E CT. m
The Schur algebra C7 of the proposition will be denoted C[G]^, and is the object of this paper. We begin by stating ( For another example, choose K to be 77', the commutator subgroup of 77. Then 77/77' is simply the set of one-dimensional characters of 77. By Proposition 3.2, the characters of C[G]HH. are the rp^ satisfying^, = 1.
Curtis and Fossum [1] consider the following situation: They start with tj, a linear character of 77, and the primitive idempotent e = |77|_1 "ZheH -q(h~x)h in C[77] that generates the minimal ideal affording n (actually they work over a general splitting field, but C will serve our purpose). They then study the structure of the centralizer ring eC [G] 
